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Abstract 



^ ' We summarize and extend our work on flux vacua attractors in generalized 



compactifications. After reviewing the attractor equations for the heterotic 
string on SU(3) structure manifolds, we study attractors for N = 1 vacua in 
type IIA/B on SU(3) x SU(3) structure spaces. In the case of vanishing RR 
flux, we find attractor equations that encode Minkowski vacua only (and which 
correct a previous normalization error). In addition to our previous consider- 
ations, here we also discuss the case of nonzero RR flux and the possibility of 
attractors for AdS vacua. 



1 Introduction 



Background fluxes are a necessary ingredient in order to achieve moduli stabilization in 
string compactifications [U [2]. Naturally, those fluxes backreact on the geometry and 
thus lead to more involved internal manifolds than the familiar CY 3-folds. It has been 
known for awhile that supersymmetry requires the internal space of a generic heterotic flux 
compactification to be a manifold with SU (3) structure [3\j. Recently, it was found that 
for type IIA/B the analogous requirement is for the internal space to have SU(3) x SU(3) 
structure [5]. In fact, the low energy effective theory of such type II compactifications has 
N = 2 supersymmetry. However, the N — 1 vacua obtained in this context encompass the 
most general IIA/B flux vacua with N — 1 supersymmetry [6], in the realm of geometric 
compactifications. 

Manifolds with £77(3) x 577(3) structure are, in principle, much less understood than 
CY(3)s. The most suitable framework for their study is generalized complex geometry 

EJ- The latter deals with objects defined on the tangent plus cotangent bundle of a 
manifold, T © T*, instead of just on T. This, in particular, allows a unified description 
of complex and symplectic geometry. In this framework a generalized almost complex 
structure X is a map from T © T* to itself, which squares to —1. The integrability 
condition is that the +i eigen-bundle of X be closed under the Courant bracket o Each 
such X corresponds to a pure 50(6, 6) spinor $ (here we assume that dimX 1 = 6, as is the 
case in string compactifications). Spaces with 517(3) x SU(3) structure are characterized 
by a pair of pure spinors $ + and which can be viewed respectively as even and odd 
elements of A'T*. In other words, $ + and are sums of, respectively, even and odd 
forms of different degrees. They are the generalizations of the familiar Kahler form J and 
holomorphic 3-form Q that together define a CY(3). The geometric moduli of a string 
compactification on an SU(3) x SU(3) structure manifold arise from the deformation 
spaces of <3>±. These deformation spaces have been shown to have special Kahler geometry 
EJ E]. Hence, it seems natural to expect that the N — 1 flux vacua of such generalized 
compactifications can be encoded in attractor equations similar to the black hole (BH) 
attractors in supersymmetric field theories, as argued in [10] for a particular class of 
type IIB compactifications. In fact, things are not that straightforward at all as the 
appropriate N = 1 coordinates are such that one of the two moduli spaces is only Kahler, 



1 See [4] for the reformulation of Strominger's result in modern SU(3) structure language. 
2 Note that this is a natural generalization of the integrability condition of an ordinary almost complex 
structure, which is the closedness of its +i eigen-bundle under the Lie bracket. 
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but not special Kahler In [TT], we investigated attractors in such generalized IIA/B 
compact ificat ions . 

The attractor mechanism was first discovered in the studies of black holes in iV = 2, 
d = 4 supergravity coupled to vector multiplets [12]. More precisely, it was shown that 
the extrema of the relevant black hole scalar potential are given by the solutions of a 
system of algebraic equations, called attractors. This system determines the values of the 
BH moduli at the horizon in terms of the BH electric and magnetic charges. The key 
property that allows the derivation of the BH attractor equations is the special Kahler 
geometry of the relevant moduli space. This, together with the similarity between the 
BH potential and the scalar potential in N = 1 supergravity, led [10] to write down 
attractor equations for N = 1 flux vacua in type IIB orientifold compactifications that 
inherit special Kahler properties from the unorientifolded N = 2 theory. In this case, 
the attractor equations determine the values of the compactification moduli at a given 
vacuum in terms of the corresponding background fluxes. We find attractor equations 
(that correct a normalization error in [11]) for a much broader class of N = 1 type 
IIA/B flux vacua, namely the most general Minkowski ones obtained by compactifying 
on SU (3) x SU (3) structure spaces. In addition to the case of zero RR flux considered in 
|llj . here we also discuss the case of non- vanishing RR flux and the possibility for N = 1 
AdS attractors. The conceptual value of the flux vacua attractors is in that they provide 
a (simpler) reformulation of the problem of minimization of the scalar potential and hence 
give a new technical tool for the systematic study of moduli stabilization. 



2 Heterotic on SU(3) Structure 

Before turning to the more involved type II on 577(3) x SU(3) structure case, it is instruc- 
tive and useful to consider first the heterotic string on 577(3) structure manifolds. The 
latter are a special case of SU(3) x £77(3) structure and are characterized by the existence 
of a two form J and a 3-form Q, as is a CY(3). However, unlike the 577(3) holonomy case, 
now generically dJ ^ and dQ ^ 0. For more on SU(3) structure manifolds, see [I]. 
To introduce the geometric and B-field moduli of such a compactification, one expands: 

e -j c = x A (t)u A - G A (t)u A , n = X I {z)a J - Gj{z)l3 x , (2.1) 

where J c = B + iJ and {u A , uj b } is a basis for the even forms (i.e. 0-, 2-, 4- and 6-forms), 

3 In type IIA this is the moduli space of odd forms, whereas in type IIB the one of even forms. We 
will give more details on this later on. 
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whereas {a X} f3 J } is a basis for the 3-formsE Also, in (12.11) t a denote the Kahler moduli 
and z % - the complex structure ones. Note that the basis forms satisfy the relations 



(a x , P J ) = -J (P J , «x) = Si , / (ax, aj) = = / {(3 X , (3 J ) , 

(to A , u B ) = - [ (u B , u A ) = 5 B , / (u A , u B ) = 0= [ (u A , u b ) , (2.2) 



where ( , ) is the Mukhai pairing defined by (<p, ijj) = —ipi A^ + ^A^-^A^i for odd 
forms and by (ip, ifi) = <^o A ipe — ¥?2 A ^4 + ^4 A "02 — <P6 A f° r even forms with </? p being 
the p-form component of the mixed-degree form tp and similarly for if). 

For our purposes, it is very important that both the Kahler and complex structure 
moduli spaces are special Kahler manifolds. The relevant Kahler potentials are [5]: 

Kj = J (e- h ,e- Jc ) = -\ni (X A G A - X A G A ) , 

K n = -Ini J(n,n) = -\ni(X x G x -X x G x ) . (2.3) 

It is also important that now the basis forms are not closed, unlike in the CY case. Instead, 
we have [5]: 

du a = m x a a x - e Xa (3 x , du a = , da x = e Xa u a , dp 1 = m x a u) a , (2.4) 

where we have used the notation u A = (l,^) and io A = (tl> a ,*l) with u a (u a ) being a 
basis for the 2- (4-) forms. Finally, in (12 Ah and e aX are constant matrices satisfying 
m x e X p - exam 1 , = 0. 

Now, the effective 4d superpotential of a heterotic compactification on an SU (3) struc- 
ture manifold has the form W = J (H + dJ c ) A Q, where H is the NS flux. One can write 
this as: 

W = m x A G x (z)X A (t) - e XA X x (z)X A (t) , (2.5) 

where m x , ejo arise from the expansion of H in the (a x , /3^) basis and X°(t) = I, 
X a (t) = t a (for details, see plj). Denoting L x = e Kn/2 X x , M x = e Kn/2 G x and L A = 
e Kj / 2 X A , M A = e Kj l 2 G A) the function Z = e K / 2 W (called "central charge" in analogy 
to the BH case) acquires the form: 

z = e (K n + Kj )/2 W = m i AMiL A _ 6taL z L A . (2.6) 



4 Considering e Jc , instead of J c , is useful in view of the SU(3) x SU (3) case that we will study in the 
next section. 
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In terms of this function and the double-symplectic section V = e^ Kn+Kj ^' 2 {p,® e Jc ), one 
can write the following attractor equations for the heterotic stringjfl 

Q = 2Re(ZV + g^g^DiDjDjDpZ) , (2.7) 

where Q = —m x A ax ® uj a + e IA /3 x ® uj a . In [llj, it was verified that (12.71) implies au- 
tomatically the susy conditions D{Z = and D a Z = 0. Furthermore, (12. 7\\ also implies 
that Z = [llj, i.e. Minkowski vacua. Hence (12.71) encodes all supersymmetric flux 
vacua of the heterotic string at the classical level. (Recall that these vacua are necessarily 
Minkowski [3]; to have susy AdS vacua, one needs to include quantum effects like, for 
example, gaugino condensation [14].) 



3 Type II on SU{3) x SU(S) structure 

Let us now consider type IIA/B strings compactified on spaces with SU(3) x SU(3) 
structure. As already mentioned above, the internal geometry in this case is characterized 
by a pair of pure spinors $ + , $_ that generalizes the pair J, Q of the previous section. 
The special case of SU(3) structure is recovered by taking a diagonal SU(3) subgroup; in 
this case $_ reduces to Q and $+ reduces to e~ Jc . In general, however, $_ is a sum of 
1-, 3- and 5-forms just like $+ is a sum of 0-, 2-, 4- and 6-forms. 
Similarly to (12. lj) . we have the expansions: 

$ + = X A (t)u A - G A (t)u A , $_ = X I (z)a x - Gj(z)P x , (3.1) 

where, as in the previous section, the basis forms satisfy relations (12.21) . but with appro- 
priately extended range for the I indices in order to encompass the basis for 1-, 3- and 
5-forms. The $± moduli spaces are special Kahler with Kahler potentials [5]: 

K+(t) = -In ij ($+,$+) and K_{z) = - In i J ($_,$_) . (3.2) 

The analogue of (12.41) is now given by [5]: 

Vuj a ~ m x A OL X - e IA /3 x , Vuj a ~ fh XA a x - e A j3 x , 

Va T ~ -e A u A + e IA io A , Vf3 x ~ -m XA uj A + m x A uj A , (3.3) 

where "~" means equality up to terms that vanish under the symplectic pairing (12.21) 
and T> is an extension of the exterior differential that is due to nonzero NS flux and/or 

5 This is slightly different from a previous proposal in [15] . 
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non-geometricity of the background; the constant charge matrices e%A-, ^Ai &i anc ^ 
satisfy appropriate constraints so that T> 2 = 0. For more details on these constraints and 
the precise form of T>, see [H] and references therein. 

Generically, type II on SU(3) x SU(3) structure gives an N = 2 effective theory. 
One can obtain an iV = 1 truncation by considering orientifolds of these generalized 
compactifications [15] . The N = 1 truncation can also be due to a spontaneous partial 
susy breaking [9]. Regardless of the mechanism, one can derive a compact Gukov-Vafa- 
Witten type formula for the superpotential of the effective 4d iV = 1 theory. Let us for 
concreteness focus on type IIA from now on. (We will comment on type IIB at the end.) 
Then [9]: 

e R / 2 W = ce^ +2v J ($+, OTI_ + G fl ) , (3.4) 

where c is a constant, is the 4d dilaton, G? 1 is a sum of all internal RR fluxes (rescaled 
by a factor of \[2 compared to [9j (TTJ for convenience) and the object II_ is 

n_ = ^ + iIm(C<&_) (3.5) 

with being the sum of all internal RR potentials (again, rescaled by a factor of \[2 
compared to [9l (TTJ) and C = const x with being the lOd dilaton. Clearly, the 
proper = 1 variables arise from the expansions of $ + and H_, instead of $ + and 
This makes things significantly more complicated as the space of deformations of Il_ is 
not special Kahler. Nevertheless, it is Kahler with a Kahler potential given by [S1IT5J0 



K_ = -2\ni J (C$_,C$_) = 4ip. (3.6) 

The last expression is a rather involved function of the N = 1 Kahler coordinates 
{X x ,Gj}, that are defined via the expansion Il_ = X x aj — Gj(3 2 . Actually, at first 
sight it may not at all be obvious that (13.61) depends on the correct variables. To see that 
it does, note that only half of Re(C$_) and Im(C$_) should be viewed as independent 
because of the way the Hodge star acts on In particular, we can view Re(C<I ) _) as 
functions of lm(C&-). To make this more clear, let us take the simplest example of 
which is the holomorphic 3-form Q of a CY(3) manifold. Now, due to *Q = —iQ, one 



6 Non-geometric backgrounds differ from the geometric ones in that their transition functions contain 
string dualities, like T-duality. Note that non-geometric backgrounds are, in fact, necessary in order to 
have all charge components in (|3.3p non- vanishing. 

7 Note that this corrects an error in [11], where in the vein of [13] it was stated that K- = 

-2hu /(n_,n_). 
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has that *Ref2 = Imtt and *Imfi = — Refi . Hence, in particular, we can view Reil as 
determined by ImQ via Kefl = f(lmQ) = — * ImQ. For more details on the general 
argument for a pure spinor, see [HE]. Therefore, K- in (13.61) should be viewed as a func- 
tion of the variables in the expansion of ImCQ-, which is also Iml[_. That there is no 
dependence on Rell_, which comes from the RR potentials, is in complete analogy with 
the fact that Kj = — In i j (e~ Jc ,e~ Jc ) = — In | f J A J A J does not depend on the NS 
B-field moduli. This, clearly, means that the moduli space directions originating from the 
Rell_ expansion correspond to shift symmetries of the metric determined by K_ [T5| [To]. 

Now, let us first consider the case of vanishing RR flux. Then, introducing L x = 
e k -l 2 X x , M x = e k ~l 2 G x and L A = e K +> 2 X A , M A = e K +^ 2 G A , we can write fl31| as: 

Z = e K/2 W = c (h x e XA L A - M x m x A L A - L x e A M A + Mxm JA M A ^j . (3.7) 

In terms of this "central charge" and the appropriate analogue, U = e^ K - +K+ ^ 2 {Ii^ ©$ + ), 
of the heterotic double-symplectic section V, the attractor equations for the present case 
are: 

Q = -N~ l Re(ZU + g rj g a ^D-D a U D~D Z) , (3.8) 
c ^ 

where Q = m IA aj <8> uj a — e A l3 T ®lj a — m^aj <8> lj a + ej^ 1 ® io A , the index % runs over 
the set of independent variables {X 1 , Gj\ and is the normalization of U. Note that, 
unlike for the BH and heterotic attractors, this normalization is not a constant. More 
precisely, we have: 

N= I (UM) = -ie*~ I (II.,n-) = - , (3-9) 

J J (J \\C§-\\ 2 vok) 

which generically is a function of all of the variables {X 1 , X 1 , Gj, Gj]\ in the last equality 
in (13.91) . we have used (13.61) PI Let us also mention that (13. 7p can be written as Z = 
cf(Q,U). 

The attractor equations (13. 8p can be shown to imply the susy conditions D a Z = 0, 
D-^zZ = and Z = for Minkowski vacua only. Namely, the condition D a Z = is 
due to the special Kahler geometry of the moduli space regardless of the value of Z 
[TT] . However, the other two conditions are only satisfied upon setting Z = 0. Indeed, if 
we substitute the expressions for the charges from (I3.8P into Dj^ x Z, computed from (13. 7p . 
we find: 

D&Z = c (e XA L A - e A M A ) + {d tI K_)Z = (iN' 1 ^ + {d^K^j Z , (3.10) 

8 We should note that in [TTJ the function N was equal to —e K ~^ 2 because of the error in the form of 
K— , which we mentioned in footnote [71 
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which is generically nonzero. (Note that d^ x K_ = —Aie~lm(CGj) [IS]-) So to ensure 
DjriZ = 0, we have to take Z = 0. Similarly, the condition Dg Z = is also satisfied 
only for Z = 0. Therefore, the attractors (13. 8p encode only Minkowski vacua. There 
is, however, a very important difference with the heterotic case. Namely, the heterotic 
attractors (12.71) arise from the most general expansion of Q in the basis of V, -DjV, D a V, 
DiD a V upon substituting the susy conditions DiZ = and D a Z = 0. On the other hand, 
the type II attractors (13.81) do not originate from the most general expansion. Indeed, since 
the moduli space of H_ is not special Kahler, the general expansion could contain terms 
proportional to D^D^U, D^D^D^U etc. The structure of such terms and the question of 
whether their presence would allow for supersymmetric AdS vacua to be encoded deserve 
a thorough investigation. We hope to come back to these issues in the future. 

So far we have considered only vanishing RR flux. Let us now take G? 1 ^ in (13.41) 
and focus on the contribution this leads to: 

Z RR = ce^ +5 ^J(^ + ,G fl ). (3.11) 

Since we are in the type IIA case, the RR flux is a sum of even forms only and therefore 
it can be expanded as G^ 1 = rn RR u> A — e-RR,A& A i where m RR and e RR>A are RR charges. 
Hence Z RR becomes: 

Z RR = ce^ (M A m A R - L A e RRA ) . (3.12) 
It is then straightforward to show that the attractor equations 

m R { R = c- l e-^(Z RR L A - Z RR L A ) , e RR>A = c~ l e-^ (Z RR M A - Z RR M A ) (3.13) 

imply that D a Z RR = 0. Indeed, from (13~T2|) we have D a Z RR = ce~^~ (m RR D a M A - 
e RRjA D a L A ). The last expression, upon substituting the RR charges from (I3.13p . can 
be easily seen to vanish due to the special Kahler geometry of the <3? + moduli space. 
(More precisely, due to L A M A - L A M A = -i and L A D a M A - M A D a L A = 0.) However, 
D-^iZ RR = [d^xKS)Z RR is nonzero unless Z RR = 0, similarly to the case of vanishing 
RR flux. So, denoting Z to t = Z 9 + Z RR with Z 9 being the same as Z in (13 .7p (i.e., 
the geometric and NS flux contribution), we have that the susy condition D a Z to t = is 
implied by the attractor equations (I3.8P and (I3.13p . On the other hand, the susy condition 
D xi Z to t — is more involved. Namely, adding the contributions from Z 9 and Z RR , we 
find: 

D ±I Z tot = iN~ l M x e^Z 9 + [d ±T kj)Z iot . (3.14) 

Hence restricting to Minkowski vacua, i.e. taking Z to t = 0, is not enough to ensure that 
the supersymmetry conditions are satisfied. One needs, in addition, that Z 9 = too. It 
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would be interesting to explore the consequences of this constraint. And, of course, it is 
also worth investigating whether it is possible to satisfy iN~ Mj e~ Z 9 = — {dj^ x K-)Zt ot 
so that one would have susy AdS vacua. Let us also note that including the terms D^DjU 
etc., that we mentioned at the end of the previous paragraph, will of course modify the 
discussion of this paragraph as well. 

Finally, let us comment on the type IIB case. Now the superpotential and the relevant 
Kahler potentials are obtained from the IIA expressions above by the substitution $ + «-> 
together with the exchange of odd RR potentials (even RR fluxes) with even RR 
potentials (odd RR fluxes) [5j [15]. Hence, the role of the IIA pair <3> + and Il_ is played 
in type IIB by the pair $_ and 11+ = A RR + ifcn(C<$>+). It is straightforward to repeat 
the considerations of the previous paragraphs for the present case. In particular, when 
the RR fluxes vanish one has the following attractor equations for Minkowski vacua: 

Q = - c N- 1 Re{g l3 g^D l DdAD 3 D--Z) , (3.15) 

where 

* = .<*-♦*♦,/»(,_ anj, ^/ft^- ^E,, (3.i6) 

and the index a runs over the set of independent N = 1 Kahler coordinates {X A , Ga} 
defined via the expansion Il + = X^tu^ — G^u^. 
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